
AIAA JOURNAL, VOL. 32, NO. 5: TECHNICAL NOTES 1093

were the points of comparisons; 1) sensitivity to grid quality and
2) effect of artificial dissipation.

The two methods were stable and equally accurate with uniform
grid. The finite element method was found to be less sensitive to
grid nonuniformity for the cases considered. Finally, the FEM and
FVM required approximately the same amount of computing time
per cell per step. However, the amount of required memory storage
was more than double for the FEM.
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where the conserved quantities Q and flux F are

pu

Q = F =
+ p)u

(Ib)

and where p is the density, u is the velocity, and e is the total
energy per unit volume. The pressure p is related to the conserved
quantities through the equation of state for a perfect gas:

dc)

The cell interface flux FLR can be evaluated by the HLLE
scheme1 as

(2a)

where
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and where R, A, and L are the right eigenvector, eigenvalue, and
left eigenvector matrices, respectively, of the Roe-averaged Jaco-
bian,4 / is the identity matrix, and the subscripts L and R indicate
the left and right states. The HLLE scheme defines b+

R and b~L as

Introduction

A PPROXIMATE Riemann solvers have been highly success-
ful for computing the Euler/Navier-Stokes equations, but lin-

earized Riemann solvers are known to fail occasionally by predict-
ing non-physical states with negative density or internal energy.
Positively conservative schemes, in contrast, guarantee physical
solutions from realistic input. The Harten-Lax-van Leer-Einfeldt
(HLLE) scheme is a typical example of a positively conservative
scheme.1 However, the HLLE scheme is highly dissipative at con-
tact discontinuities and shear layers and thus it is not applicable to
practical simulations. An existing modification to the HLLE
scheme, known as HLLEM, enhances the resolution to that of the
Roe scheme.2 However, this modification violates the positivity of
density and internal energy. Precise derivation of the modification
yields a quadratic inequality and thus requires a case-by-case treat-
ment.3 This Note describes a new, modified HLLE scheme that
satisfies the positively conservative condition approximately.
Sample computations are included to demonstrate the resolution
and the robustness of the scheme.

Algorithm Development
For brevity, the Euler equations are limited to one Cartesian

space dimension. The conservation form of the equation is

Qt + Fx = 0 (la)
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bR = max (u + c, UR + CR, 0)

b~L = min( u- c, UL - CL, 0)

(3a)

(3b)

This scheme satisfies all of the stability, entropy, and positively
conservative conditions required for the nonlinear difference equa-
tions.1"3 Numerical dissipation determined by bR and bL could
still be reduced under the stability and positively conservative con-
ditions.1 However, the resulting scheme would violate the entropy
condition3 and thus it is not used here.

The HLLE scheme approximates the solution of the Riemann
problem with twojwaves propagating with speed of bR = max(w +
c, UR + CR) and bL - min(w - c, UL - CL) and a state QLR between
those waves. Comparing with the Roe scheme, the HLLE scheme
introduces large numerical dissipation to contact discontinuities.1
The modified HLLE (HLLEM) scheme exhibits a similar resolu-
tion to the Roe scheme,1 but the resulting scheme violates the pos-
itively conservative condition.3 A new modification3 which satis-
fies the positively conservative condition is obtained by replacing
the state QLR with

QLR =
QLR - 5£A<2, for x/t < (bL + bR) /2

QL , for x/t > (bL + bR) /2

where

and

QLR = \bRQR ~ bLQL - (FR - FL)]/(bR - bL)

= R
1
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The cell̂  interface flux is obtained by replacing A = diag
[Xi, X2, X3] in Eq. (2a) with

.25

A = diag [A,i - 28 min(b+
R, b~L), (5)

where 0 < 8 < 1/2 from the stability condition. The resulting
scheme becomes identical to the Roe scheme when 8 = 1/2, and to
the HLLE scheme when 8 = 0. From the positively conservative
condition for density, pLR > 0, one obtains pL/? ± 80! > 0 where ol
= Ap — A/?/c2; thus,

(6)

From the positively conservative condition for internal energy, one
also obtains

u2

2pL/?±8a1
>0 (7)

Since pLR ± 80, > 0, this inequality results in

PLRULR PLR >0

(8)

Note that the coefficient of the 82 term cancels out for a perfect gas
in the one-dimensional case. For the multidimensional case or the
nonequilibrium gas case, the coefficient of the S2 term does not
cancel and the quadratic inequality has to be solved as described in
Ref. 3. However, when the space increment is h, the coefficient
remains of 0(/z2) for those cases. Therefore, inequality (8) is still
valid within the error of 0 (h2). Suppose bR = uR + CR and bL = uL-
CL, from Eq. (4b), one obtains

Thus,

= \-CR PRUR + CL^L^L -(PR-

ULR=U-

+ cLpL) (9)

(10)

When ULR = U, inequality (8) results in inequality (6). Inequality
(6) can be regarded as satisfying the positively conservative condi-
tion for the internal energy approximately. Then, the parameter 8
can be determined easily as

PL/?
(H)
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Fig. 1 Computed pressure contours of inviscid flowfield past a cylin-
der (Moo = 8): a) present scheme with Eq. (12) and b) present scheme
without Eq. (12).
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Fig. 2 Computed density contours of conical flowfield past a 75-deg
delta wing (M^ = 2.8, a = 16 deg, and Re = 3.565 X 1(T): a) present
scheme and b) HLLE scheme.

Equations (2), (5), and (11) give a new, approximate form of the
modified HLLE scheme. Equation (11) indicates an interesting
feature of the scheme. Because G{ represents a jump in entropy, it
is zero for isentropic flows. Then, the present scheme results in the
Roe scheme. In other words, the Roe scheme is positively conser-
vative for isentropic flows. As the jump in entropy becomes large,
the present scheme turns into the HLLE scheme.

When this scheme was extended to multidimensions by using
dimensional splitting, the resulting scheme exhibited the carbuncle
phenomenon (see Fig. 1). To overcome this problem, the parame-
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ter 6 was further reduced to obtain the HLLE scheme. Instead of
introducing the HLLE switching function of Ref. 5, this was
achieved by modifying Eq. (11). The pressure difference in GJ was
replaced with

where

and

j j = Ap - A'/?/c

A'/? = max(IApl, l^s/gradp/) • sign(Ap)

for u • grad p > 0
for u • grad p < 0

(12a)

(12b)

(12c)

and where /0 is the length scale and is typically unity. The switch s
turns on the HLLE scheme only at strong compression regions.
The pressure gradient was evaluated at the left and right cells with
central differencing, and the larger of the two values was used in
Eq. (12).

Results
The one-dimensional scheme, Eqs. (2), (5), and (11), solved the

shock-tube problems tested in Ref. 3 satisfactorily. Thus the re-
sults are not shown here. The following results were obtained from
the multidimensional version of the present scheme derived from
the standard dimensional splitting technique.

Figure 1 shows computed pressure contours for the carbuncle
problem. The freestream Mach number is 8 and an inviscid ideal
gas is assumed. This computation was performed on a 101 X 61
grid. Figure la shows the pressure contours obtained with the
present scheme (first-order accurate) using Eqs. (2), (5), (11), and
(12). The result indicates a stable bow shock wave. Figure Ib
shows the corresponding plot without using Eq. (12). The carbun-
cle phenomenon appears here.

Figure 2 shows the computed density contours of the conical
flowfield over a 75-deg delta wing at a freestream Mach number of
2.8, angle of attack of 16 deg, and a Reynolds number of 3.565 X
106. Laminar flow is assumed. The grid consists of 99 X 51 points.
The present scheme was extended to third-order accuracy by using
the MUSCL approach through the primitive variables.6 The bow
shock wave and the crossflow shock wave can be seen below and
above the wing, respectively. The low density areas over the wing
correspond to the primary and secondary vortices due to the flow
separation at the leading edge. Figure 2a shows the result from the
multidimensional version of the present scheme, while Fig. 2b
shows the plots obtained from the HLLE scheme. The present
result shows identical resolution to that of the Roe scheme. With-
out the switch, Eq. (12c), the present scheme became as dissipative
as the HLLE scheme locally at the leading edge due to the strong
expansion. As a result, the vortices were smeared out as shown in
Fig. 2b. By implementing Eq. (12), the resolution of the resulting
scheme remains as good as the Roe scheme, while the scheme is
robust enough to prevent the carbuncle problem.
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I. Introduction

WAKE flow characteristics behind a cylinder have been a
topic of interest for years. Various means have been applied

to attempt to eliminate the wake since the momentum deficit in the
wake creates a considerable drag and an oscillating lateral force
that causes mechanical vibrations on the cylinder. Upon visualiza-
tion of the flow past a cylinder with a rear stagnation jet,1'2 the
flow appears fully attached as conventional inviscid flow does.
Therefore, at first glance, it would be suspected that the form drag
on the cylinder has been reduced to zero as predicted by inviscid
flow theory. However, a detailed numerical simulation reveals that
the form drag coefficient increases as the jet velocity increases.
The mechanics of the increasing form drag will be addressed in
this Note.

II. Computational Approach
A. Physical and Mathematical Model

The physical model for the numerical study is shown in Fig. 1.
In this model, a stationary cylinder of radius R is placed in a uni-
form flow U^. A jet is located at the rear stagnation point with an
area-averaged velocity Vj and jet direction parallel with the on-
coming flow. For geometric simplicity, a polar coordinate (r, 0)
system is adopted and is defined in Fig. 1.

The incompressible flow was treated as laminar because we
were interested in Reynolds numbers, based on cylinder diameter,
that were less than 2500. The Navier-Stokes equations in primitive
variables are given as

rae
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p <

(D

(2a)
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